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Infinite-dimensionality of the
Automorphism Groups of Homogeneous
Stein Manifolds
Alan Huckleberry & Alexander Isaev
Abstract
We show that the group AutO(X) of holomorphic automorphisms of a
Stein manifold X with dimX ≥ 2 is infinite-dimensional, provided X is
a homogeneous space of a holomorphic action of a complex Lie group.
1 Introduction
For a connected complex manifold X let AutO(X) denote the group of holo-
morphic automorphisms of X. The objective of this paper is to show that for
a large class of manifolds the group AutO(X) is infinite-dimensional in the
sense that the Lie algebra VcO(X) generated by complete holomorphic vector
fields on X is infinite-dimensional (we think of a complete holomorphic vector
field on X as a complete vector field whose global flow consists of holomor-
phic transformations of X). This condition is equivalent to the impossibility
of introducing on AutO(X) a topology with respect to which it becomes a Lie
transformation group as defined by Palais (see [P], p.p. 99, 103). In particular, if
VcO(X) is infinite-dimensional, AutO(X) is not a Lie group in the compact-open
topology and not even locally compact (see [MZ], p. 208).
We note that for large classes of complex manifolds AutO(X) is known to be
a Lie group in the compact-open topology. If X is Kobayashi-hyperbolic, then
AutO(X) is a real Lie group which is never complex unless it is discrete [Ko],
[Ka]. On the other hand, if X is compact, then AutO(X) is a complex Lie group.
In the present paper we consider manifolds homogeneous with respect to holo-
morphic actions of complex Lie groups. Observe that any such manifold is far
from being hyperbolic, since every two points in it can be joined by a finite
chain of orbits of complex 1-parameter subgroups. In addition, we assume
the manifolds to be Stein, in particular ruling out the compact case. Our main
result is the following theorem.
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Theorem 1.1. Let X with dimX ≥ 2 be a connected Stein manifold. If X is a homo-
geneous space G/H of a holomorphic action of a connected complex Lie group, then
VcO(X) is infinite-dimensional.
If X = G is a complex algebraic group (here H is trivial), the infinite-
dimensionality of VcO(X) follows from Theorem 3 of [KK2] which states that
in this case VcO(X) is dense in the infinite-dimensional Lie algebra VO(X) of
all holomorphic vector fields on X. This density property is much stronger
than the assertion of Theorem 1.1. However, even in the case when Theorem
3 of [KK2] applies, we present new and quite explicit methods for construct-
ing a large number of complete holomorphic vector fields on X. Other density
results can be found in [KK1], [TV], [Varo1], [Varo2], [Varo3]. In particular,
it follows from Corollary 6.6 of [Varo1] that if X is as in Theorem 1.1, then
VcO(X× C) is dense in the infinite-dimensional Lie algebra VO(X× C).
Results on the infinite-dimensionality of the automorphism groups of cer-
tain complex manifolds homogeneous under actions of real Lie groups can be
found in [DZ]. We also note that it was shown in [Wi] that the Stein domain
D := {(z,w) ∈ C2 : zw 6= 1} is AutO(D)-homogeneous, but no connected
Lie group (real or complex) acts transitively on D by holomorphic transfor-
mations (cf. [Ka], Satz 4.13). Furthermore, the Lie algebra VcO(D) is infinite-
dimensional, and thus the converse to Theorem 1.1 does not hold in general.
The collection of manifolds covered by Theorem 1.1 is quite large. For exam-
ple, every simply-connected complex Lie group G is Stein (indeed, writing the
Levi-Malcev decomposition G = R⋉ S, where R is the radical of G and S is
the semi-simple Levi subgroup, we observe that S is a linear algebraic group
and R, being a simply-connected solvable group, is biholomorphic to some
Ck). Further, if G is a complex reductive group and H is a complex reductive
subgroup then G/H is Stein [Mat2], [Mat3], [O] (see Remark 2.7 in Section 2).
Another class of examples arises when G is nilpotent. In this case G/H is Stein
provided it is holomorphically separable [GH] (for other sufficient conditions
for G/H to be Stein see [Mat3]).
Perhaps the best-known example of a Stein manifold with infinite-dimensional
automorphism group is Cn for n ≥ 2. Observe that the complex Abelian group
(Cn,+) acts holomorphically and transitively on Cn by translations. A less-
known example is given by affine quadrics. Let Qn be the quadric in the
complex projective space Pn+1 and Q(n) the corresponding affine quadric in
Cn+1 obtained by deleting from Qn its intersection with the hyperplane at in-
finity. While the group of holomorphic automorphisms AutO(Qn) of Qn is the
complex Lie group POn+2(C) (the quotient of the complex orthogonal group
On+2(C) by its center), the automorphism group AutO(Q(n)) ofQ(n) is infinite-
dimensional if n ≥ 2. Indeed, writing the equation of Q(n) as
z1z2 +
n+1
∑
j=3
z2j = 1,
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one can easily verify that the following algebraic map lies in AutO(Q(n)) for
every polynomial P(z2):
z1 7→ z1 − P(z2)
2z2 − 2P(z2)z3,
z2 7→ z2,
z3 7→ P(z2)z2 + z3,
zj 7→ zj, 3 < j ≤ n+ 1.
Such maps form a subgroup of AutO(Q(n)) isomorphic to the Abelian group
of all polynomials in one complex variable, and thus the Lie algebra VcO(Q(n))
is infinite-dimensional. Furthermore, it follows from the results of [KK1] that
VcO(Q(n)) is dense in VO(Q(n)). Observe also that Q(n) is a homogeneous space
of the linear action of the complex reductive group SOn+1(C). It must be
stressed here that we treat Q(n) as a complex rather than algebraic manifold
and are interested in its full group of holomorphic automorphisms. Results
on the finite- and infinite-dimensionality of the groups of algebraic automor-
phisms of affine quadrics over arbitrary fields can be found in the recent paper
[To] and references therein.
The paper is organized in follows. In Section 2 we outline a general approach
to constructing a large number of 1-parameter subgroups of automorphisms
for a manifold that is, firstly, endowed with a holomorphic action of a complex
Lie group and, secondly, can be fibered over a complex space that admits non-
constant holomorphic functions. In Sections 3 and 4 these methods are applied
to specific fibrations to yield Theorem 1.1 for non-solvable and solvable groups,
respectively.
Acknowledgement. This work was initiated while the first author was visiting
the Australian National University.
2 General Methods
Let Z be a connected complex manifold of dimension at least 2 endowed with
a holomorphic action of a connected complex Lie group L. In this section we
introduce general tools for constructing automorphisms of Z other than those
directly arising from the L-action.
We start with the following simple proposition, where for two complex spaces
Y1,Y2 we denote by Hol(Y1,Y2) the set of all holomorphic maps from Y1 into
Y2.
Proposition 2.1. Let Y be a complex space and σ : Z → Y an L-invariant holomor-
phic map. For every f ∈ Hol(Y, L) define Ff to be the following self-map of Z:
Ff (z) := f (σ(z))z, z ∈ Z. (2.1)
Then Ff ∈ AutO(Z).
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Proof. Clearly, for any f the map Ff is holomorphic. Furthermore, the L-
invariance of σ implies that the map
z → [ f (σ(z))]−1z
is the inverse of Ff . The proof is complete.
Let l be the Lie algebra of L. In the situation of Proposition 2.1, for every map
ϕ ∈ Hol(Y, l) we consider the real 1-parameter family of maps fτ := exp(τϕ)
in Hol(Y, L). This family gives rise to the corresponding 1-parameter family
{Ffτ} ⊂ AutO(Z) as defined in (2.1). One immediately observes that {Ffτ} is a
1-parameter subgroup of AutO(Z) and that the corresponding action map
R × Z → Z, (τ, z) 7→ Ffτ(z)
is real-analytic. Therefore, {Ffτ} gives rise to a complete holomorphic vec-
tor field vϕ on Z, and we obtain a continuous linear map ΦL : ϕ 7→ vϕ
from Hol(Y, l) into VcO(Z), where both vector spaces are considered with the
compact-open topology.
We will now study the injectiviy properties of the map ΦL. For a ∈ lwe denote
by aˆ the corresponding complete holomorphic vector field on Z generated by
the L-action, that is,
aˆ(z) :=
d
dt
(
exp(−ta)z
)
|t=0, z ∈ Z.
Further, for y ∈ Y let Fy := σ−1(y) be the σ-fiber over y, and let ly be the
following ideal in l
ly := {a ∈ l : aˆ ≡ 0 on Fy}.
In terms of these ideals the kernel kerΦL of the map ΦL is described as follows:
kerΦL =
{
ϕ ∈ Hol(Y, l) : ϕ(y) ∈ ly, for all y in Y
}
. (2.2)
Assume now that the map σ is surjective. For z ∈ Z let rankz σ := codimz Fσ(z)
and Z′ := {z ∈ Z : rankz σ = s}, where s := dimY. By Satz 17 in [R], the set
Z′ is analytic Zariski open in Z′ (a complement to a closed complex analytic
subset of Z′), and σ maps Z′ onto the open subset Y′ := σ(Z′) of Y. For z ∈ Z′
define dLz := dim lσ(z).
The following proposition is the main result of this section.
Proposition 2.2. Let Z, L, Y and σ be as in Proposition 2.1, and suppose additionally
that σ is surjective. Then the function dLz is upper semicontinuous on Z
′, i.e., for every
integer k ≥ 0 the set Dk := {z ∈ Z
′ : dLz ≥ k} is closed in Z
′.
Proof. Let a1, . . . , aℓ ∈ l and let {yn} be a sequence in Y
′ converging to
y0 ∈ Y
′. Suppose further that for every n there exists a non-zero vector
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pn = (p1n, . . . , p
ℓ
n) ∈ C
ℓ for which the sum ∑ℓj=1 p
j
n aˆj vanishes on Fyn . Choos-
ing the vectors pn in the unit sphere, we can assume that the sequence {pn}
converges to some non-zero vector p0 = (p
1
0, . . . , p
ℓ
0).
Fix z0 ∈ Fy0 and choose a closed connected submanifold Σ of dimension s in a
neighborhood V of z0, such that Σ ∩ Fy0 = {z0}. Since the set where rankz σ|Σ
takes the maximal value (equal to s) is open in Σ, by shrinking V we can assume
that the intersection Σ ∩ Fσ(z) is discrete for all z ∈ V . By Satz 19 of [R], the
image σ(Σ) is an open subset of Y′. Therefore, Σ intersects the fiber Fyn for all
sufficiently large n.
Choosing zn ∈ Σ ∩ Fyn we see that the sequence {zn} converges to z0, hence
the vector field ∑ℓj=1 p
j
0aˆj vanishes at z0. Since z0 was an arbitrary point of the
fiber Fy0 , it follows that this vector field vanishes on all of Fy0 .
Let m := dim l and let {wn} be a sequence in the set Dk converging to a point
w0 ∈ Z
′. Clearly, for any b1, . . . , bm−k+1 ∈ l and any n there exists a vector
qn = (q1n, . . . , q
m−k+1
n ) ∈ C
m−k+1 such that ∑m−k+1j=1 q
j
n bˆj vanishes on Fσ(wn). As
we showed above, there exists a non-zero vector q0 = (q
1
0, . . . , q
m−k+1
0 ) such
that ∑m−k+1j=1 q
j
0bˆj vanishes on Fσ(w0), hence w0 lies in Dk.
The proof of the proposition is complete.
Corollary 2.3. Let Z, L, Y and σ be as in Proposition 2.2, and let µL := minz∈Z′ d
L
z .
Then the set DL := {z ∈ Z′ : dLz = µ
L} is open in Z′.
In the following proposition we apply the upper semicontinuity of dLz to obtain
the infinite-dimensionality of VcO(Z). This proposition will be used to prove
Theorem 1.1 in the subsequent sections.
Proposition 2.4. Let Z, L, Y and σ be as in Proposition 2.2. Assume, furthermore,
that the action of L on Z is almost effective and that Y admits a non-constant holomor-
phic function. Then VcO(Z) is infinite-dimensional.
Proof. Fix a complex 1-parameter subgroup L1 in L and consider the corre-
spondingmapΦL1 . Since L1 acts on Z almost effectively, it follows that µ
L1 = 0.
Therefore, by (2.2) every function ϕ ∈ kerΦL1 vanishes on the set DL1. Since
by Corollary 2.3 the set DL1 is open in Z′, the function ϕ vanishes everywhere
on Y, and we obtain that kerΦL1 is trivial.
Further, sinceY admits a non-constant holomorphic function, say f , the algebra
O(Y) is infinite-dimensional (this can be seen by considering the compositions
h ◦ f , where h ∈ O( f (Y))). Thus, ΦL1 is a continuous injective linear map
from the infinite-dimensional vector space O(Y) into VcO(Z). Hence V
c
O(Z) is
infinite-dimensional.
Remark 2.5. In the proof of Proposition 2.4 we observed that the map ΦL is
injective if L is a 1-dimensional group acting effectively. In fact, under an ad-
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ditional assumption on Y, the following characterization of the size of the quo-
tient Hol(Y, l)/kerΦL holds for groups of an arbitrary dimension m ≥ 1. Let
Z, L, Y and σ be as in Proposition 2.2. Assume, furthermore, that the action of L
on Z is almost effective and that there exist f1, . . . , fs ∈ O(Y) that give coordi-
nates near a smooth point in Y. Then there exists a continuous linear surjective
map ΨL from Hol(Y, l)/kerΦL onto a dense subset of Om−µ
L
(V), where V is a
small neighborhood of a smooth point in Y (note that µL < m since the action
of L is almost effective). If L is 1-dimensional, then kerΦL is trivial and ΨL is
simply the restriction map O(Y)→ O(V).
We will apply Proposition 2.4 in situations of two kinds. In these situations
the space Y will be Stein. Suppose first that the manifold Z = M/N is ho-
mogeneous under a holomorphic action of a connected complex Lie group
M. If one can find a closed normal complex subgroup N1 of M containing
N then the quotient map Π : M/N → M/N1 is N1-invariant. If, furthermore,
M/N1 is a positive-dimensional Stein manifold, then Y := M/N1, σ := Π and
L := N1/K, satisfy the assumptions of Proposition 2.4, where K is the ineffec-
tivity subgroup of the N1-action on Z. This line of argument will be used to
prove Theorem 1.1 for solvable groups G in Section 4.
Another situation of interest to us in which Proposition 2.4 will be applied
comes from categorical quotients. Suppose that a connected complex Lie group
M acts on Z holomorphically. For any complex subgroup L of M define Z//L
to be the categorical quotient of Z by L, that is, the quotient of Z by the equiv-
alence relation ∼, where z1 ∼ z2 if and only if f (z1) = f (z2) for all f in
the algebra O(Z)L of L-invariant holomorphic function on Z. We denote by
pi : Z → Z//L the quotient map and consider Z//L with the corresponding
quotient topology. Assume now that Z is a Stein manifold and L a complex re-
ductive group. It was shown in [S] that under these assumptions the quotient
Z//L can be given the structure of a Stein complex space in such a way that the
map pi becomes holomorphic and pi∗ : O(Z//L) → O(Z)L is an isomorphism.
In the remainder of this section Z is assumed to be a Stein manifold and L a
reductive complex Lie group.
For our applications we will need the following four properties of reductive
group actions on Stein manifolds and the corresponding categorical quotients.
Proofs and further properties can be found in [S] (see also [HH]).
(P1) The L-action is of algebraic type, i.e., every L-orbit L.z is open in its analytic
Zariski closure in Z.
(P2) z1 ∼ z2 if and only if L.z1 ∩ L.z2 6= ∅.
(P3) If ψ : Z → Z1 is an L-invariant holomorphic map, then there exists
a unique holomorphic map τψ : Z//L → Z1 such that ψ = τψ ◦ pi. If
ψ∗ : O(Z1)→ O(Z)
L is an isomorphism, then τψ is biholomorphic.
(P4) For every y ∈ Z//L the fiber pi−1(y) contains exactly one closed L-orbit
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(the unique orbit of minimal dimension).
To be able to apply Proposition 2.4 to Y := Z//L and σ := pi, we only need
to ensure that Z//L is positive-dimensional. Due to property (P4) a sufficient
condition for the positive-dimensionality of Z//L is the existence of two closed
L-orbits in Z. For L ≃ C∗ another sufficient condition is given by the following
simple lemma.
Lemma 2.6. Assume that L ≃ C∗ and that L has a 1-dimensional closed orbit in Z.
Then dimZ//L > 0.
Proof. If for z0 ∈ Z the orbit L.z0 is 1-dimensional and closed, then by property
(P4) it is the only closed L-orbit contained in the fiber pi−1(pi(z0)). By prop-
erty (P1) the L-action is of algebraic type, hence any other L-orbit O lying in
pi−1(pi(z0)) is open in its analytic Zariski closure in Z and by property (P2) con-
tains L.z0 in its boundary. In particular,Omust have dimension greater than 1,
which is impossible since L is 1-dimensional. Therefore, the fiber pi−1(pi(z0))
coincides with L.z0. Since dimZ ≥ 2, there exists another closed L-orbit in Z,
and the proof is complete.
We will apply Proposition 2.4 in the situation of Lemma 2.6 to prove Theorem
1.1 for non-solvable groups G in Section 3.
Remark 2.7. If Z = M/N is a homogeneous space of a holomorphic action of
a complex connected reductive Lie group M, then the following conditions are
equivalent: (i) Z is Stein, (ii) Z is affine algebraic, (iii) N is reductive, and in the
affine algebraic realization of Z the action of M is algebraic (see [Mat2], [Mat3],
[O], [BH-C], [B-B]). In this case for a subgroup L ≃ C∗ of M the classical
algebraic invariant theory supplies all tools required to prove Theorem 1.1, as
outlined below.
Let P(Z)L be the algebra of L-invariant regular functions on Z. Define an
equivalence relation ∼alg on Z by setting z1 ∼
alg z2 if and only if f (z1) = f (z2)
for every f ∈ P(Z)L. Let Z//algL be the quotient of Z by ∼alg endowed with
the quotient topology. By a result due to Hilbert, the algebra P(Z)L is finitely-
generated (see, e.g.,[Kr], p. 95). Using this fact, one can introduce the structure
of an affine algebraic variety on Z//algL in such a way that the quotient map
pialg : Z → Z//algL becomes an algebraic morphism, and (pialg)∗ : P(Z//algL) →
P(Z)L is an isomorphism, where P(Z//algL) is the algebra of regular functions
on Z//algL. Furthermore, algebraic analogues of properties (P1)–(P4) hold.
Comparing (P2) with its algebraic counterpart, we see that Z//L and Z//algL
coincide as topological spaces and pi = pialg. Furthermore, pi∗ : O(Z//algL) →
O(Z)L is an isomorphism, hence by (P3) the complex spaces Z//L and Z//algL
are biholomorphic. For more details on algebraic quotients see [Kr], [MFK],
[HH].
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3 Proof of Theorem 1.1 for G non-solvable
Without loss of generality one can assume that G acts on X effectively. We
write the Levi-Malcev decomposition for G as a locally semi-direct product
G = R · S, where R is the radical and S the semi-simple Levi subgroup of G. In
this section we assume that S is non-trivial.
Let A be a subgroup of S isomorphic to SL2(C) (such a subgroup always ex-
ists). Since A is a complex reductive group, the action of A on X is of algebraic
type (see property (P1)). Let T be a maximal torus in A. Since T is a complex
reductive subgroup, its action on X is of algebraic type as well.
The result of this section is the following lemma.
Lemma 3.1. There exists a 1-dimensional closed T-orbit in X.
For S non-trivial, Theorem 1.1 immediately follows from Lemma 3.1, and from
Proposition 2.4 and Lemma 2.6 applied to Z := X, Y := X//T, L := T, σ := pi,
where pi is the categorical quotient map X → X//T. In the case when G is
reductive (e.g., semi-simple), Theorem 1.1 follows from the classical algebraic
invariant theory by settingY := X//algT and σ := pialg, where pialg is the algebraic
categorical quotient map X → X//algT (see Remark 2.7).
Proof of Lemma 3.1. —- Choose a point q ∈ X that is not fixed by A, and let
B be the isotropy subgroup of q with respect to the A-action. Then either (a)
dim A/B = 1, or (b) dim A/B = 2, or (c) B is finite. In Case (a) the quotient
A/B is equivalent to P1, which is impossible since X is Stein.
In Case (b) the quotient A/B is equivalent to either the affine quadric Q(2), or
P2 \ Q1 (note that Q(2) is a two-sheeted cover of P
2 \ Q1), or C
2 \ {0}/Zm,
m ≥ 1 (see [HL]). In this case most T-orbits in A/B are closed. Hence if the
orbit A.q is closed in X, there exists a closed 1-dimensional T-orbit in X. If A.q
is not closed, then we consider the analytic Zariski closed set S1 = A.q \ A.q in
X. The set S1 is A-invariant and by properties (P2), (P4) contains a single A-
orbit of minimal dimension. If S1 is 1-dimensional, it follows that it contains a
1-dimensional A-orbit, and we obtain a contradiction as in Case (a). Otherwise,
S1 is a single point. In this case A.q is a disjoint union of this point and a copy
of C2 \ {0}/Zm, hence the generic T-orbit in A.q is closed in X.
Finally, in Case (c) all T-orbits in A/B are closed. Hence if the orbit A.q is
closed in X, there exists a closed 1-dimensional T-orbit in X. If A.q is not closed,
then we consider the analytic Zariski closed set S2 = A.q \ A.q in X. This set
contains a 2-dimensional A-orbit, and replacing q by a point from this orbit, we
apply the argument used in Case (b).
Thus, we have shown that there exists a 1-dimensional closed T-orbit in X.
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4 Proof of Theorem 1.1 for G solvable
In this section we assume that G = R is solvable. By allowing G to act on X al-
most effectively, we further assume that G is simply-connected. The following
is the key result for the proof of Theorem 1.1 in this case.
Proposition 4.1. Let X with dimX ≥ 2 be a connected Stein manifold. Assume
that X is a homogeneous space G/H of a simply-connected solvable complex Lie group
G acting almost effectively on X. Then there exists a closed subgroup I ⊂ G con-
taining H such that dim I > dim H and G/I is positive-dimensional Stein manifold.
Furthermore, either G/I is biholomorphic to Cm for m ≥ 1, or G′ ⊂ I.
We will now show how Theorem 1.1 for G solvable follows from Proposition
4.1. We proceed by induction on n := dimX. Let n = 2 and I be any subgroup
as in Proposition 4.1. If G/I is biholomorphic to C, then by Grauert’s Oka
Principle [G] the fiber bundle Π : G/H → G/I is holomorphically trivial,
since it is topologically trivial. Hence the fiber I/H of this bundle is connected
(note also that I is connected since G/I is simply-connected). Since I/H is 1-
dimensional and the complex Lie group I acts holomorphically and transitively
on I/H, it follows that I/H is biholomorphic to either C or C∗. Hence the
manifold X is biholomorphic to either C2 or C × C∗, and therefore VcO(X) is
infinite-dimensional.
Assume now that G′ ⊂ I, hence I is a normal subgroup of G. The infinite-
dimensionality of VcO(X) now follows from Proposition 2.4 applied to Z := X,
Y := G/I, L := I, σ := Π, where Π : G/H → G/I is the factorization map.
We will now deal with the induction step for n ≥ 3. If G/I is biholomorphic
to Cm, then using Grauert’s Oka Principle we see as above that X is biholo-
morphic to I/H × Cm (here I/H and I are connected). If m ≥ 2, then VcO(X)
is infinite-dimensional since VcO(C
m) is infinite-dimensional. If m = 1, then
dim I/H = n − 1 ≥ 2, and we apply the induction hypothesis to the Stein
manifold I/H (note that I/H is a homogeneous space of a simply-connected
solvable complex Lie group acting almost effectively). Then VcO(X) is infinite-
dimensional since VcO(I/H) is infinite-dimensional. If G
′ ⊂ I, the infinite-
dimensionality ofVcO(X) follows from Proposition 2.4 as in the preceding para-
graph.
In the remainder of this section we prove Proposition 4.1.
Proof of Proposition 4.1. —- Let J := NG(H
◦) be the normalizer of the con-
nected identity component H◦ of H in G. The subgroup J is closed in G and
clearly contains H. The corresponding fibration G/H → G/J is often called the
Tits fibration (see [BR], [Ti]). This fibration coincides with the g-anticanonical
fibration, where g is the Lie algebra of G (see [HO1], p.p. 61, 65). In particular,
there is a representation ρ of G (not necessarily faithful) by transformations of
a complex projective space Pr such that J = ρ−1(J ), where J consists of all
elements of ρ(G) that fix some point x0 in P
r. By a result due to Chevalley [C]
10 Alan Huckleberry and Alexander Isaev
(see also [HO1], p. 31), the commutator subgroup ρ(G)′ = ρ(G′) is an algebraic
subgroup of AutO(P
r). Hence the orbit ρ(G)′.x0 is closed in ρ(G).x0, and thus
the subgroup P := ρ−1(ρ(G)′)J is closed in G. We will consider three main
cases.
Case 1. Assume that J 6= G and P = G. In this case ρ(G).x0 = ρ(G)
′.x0.
Let U be the isotropy subgroup of x0 under the ρ(G)
′-action. Since ρ(G)′ acts
on Pr algebraically, U has finitely many connected components. The group
ρ(G)′ consists of unipotent matrices, hence it is simply-connected and nilpo-
tent, and therefore its exponential map is a biholomorphism onto ρ(G)′. It
then follows that U is in fact connected (observe that a subgroup with finitely
many connected components in a Lie group for which the exponential map is
a diffeomorphism, is connected). Hence ρ(G)′/U is biholomorphic to some Cℓ
(see, e.g., [OR]). Thus G/J is biholomorphic to Cℓ as well. Since J 6= G, we
have ℓ ≥ 1. If dim J > dimH, then taking I := J, we have the result of the
proposition.
Let dim J = dimH. From the simple connectivity of G/J we then see that
J = H = H◦. Let Q := ρ−1(ρ(G)′) and denote by q the Lie algebra of Q. We
now consider the adjoint representation AdG of G on q (note that q is an ideal
in g and hence is AdG-invariant). By a theorem due to Lie (see, e.g., [OV], p. 8),
there exists a full AdG-invariant flag {0} = q0 ⊂ q1 ⊂ · · · ⊂ gM = q in q (here
M = dimCq). Since each subspace in the flag is adG-invariant, it is in fact an
ideal in g.
Let Gk be the normal connected subgroup of G with Lie algebra qk, k =
0, . . . ,M (Gk is automatically closed since any connected subgroup of a simply-
connected solvable group is closed – see, e.g., [Vara], p. 243). For every
k, the image ρ(Gk) is a connected subgroup of the simply-connected nilpo-
tent group ρ(G)′ and hence is an algebraic subgroup in ρ(G)′ (note that ev-
ery simply-connected nilpotent group is algebraic and every connected sub-
group in it is an algebraic subgroup – see, e.g., [GSV], p. 43). It follows
as before that the orbit ρ(Gk).x0 is closed in ρ(G).x0, and thus the subgroup
Pk := ρ
−1(ρ(Gk))J is closed in G for every k. Let 1 ≤ k0 ≤ M− 1 be such that
dim J < dim Pk0 < dim P = dimG. Since J = H is connected, it lies in P
◦
k0
.
The quotient G/P◦k0 is biholomorphic to some C
k (see, e.g., [OR]), and taking
I := P◦k0 we obtain the result of the proposition.
Case 2. Assume that P 6= G. Let Gˆ be the Zariski closure of ρ(G) in AutO(P
r)
(note that Gˆ is automatically a subgroup of AutO(P
r)). Consider the orbit Gˆ.x0
and let Jˆ be the isotropy subgroup of x0 under the Gˆ-action. Since Gˆ
′ = ρ(G)′,
we see as before that the orbit ρ(G)′.x0 is closed in Gˆ.x0. Therefore, the normal
subgroup ρ(G)′ Jˆ is closed in Gˆ. The quotient Gˆ/ρ(G)′ Jˆ is an affine algebraic
Abelian group, and, in particular, is Stein. The complex Abelian group G/P
can be realized in Gˆ/ρ(G)′ Jˆ as the ρ(G)-orbit of the neutral element ρ(G)′ Jˆ
and therefore is holomorphically separable. It now follows from [M] that G/P
is isomorphic to a product Cp × (C∗)q and thus is Stein.
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Since P 6= G, the quotient G/P is positive-dimensional. We will now show that
dim P > dimH. If this is not the case, then J◦ = H◦ and (ρ−1(ρ(G)′))◦ ⊂ H◦.
In particular, the connected normal subgroup G′ lies in H. Therefore, G′ acts
on X trivially. Since the action of G on X was assumed to be almost effective,
it follows that G′ is trivial, i.e., G is Abelian. But in this case J = G which
contradicts the assumption P 6= G. Thus we have dim P > dimH, and taking
I := P, we obtain the result of the proposition.
Case 3. Assume that J = G. In this case H◦ is normal in G. Since G acts on X
almost effectively, the subgroup H is discrete. To emphasize the discreteness
of H, we redenote it by Γ. We now consider several possibilities.
3.1 Suppose that G is nilpotent. By the results of [Mal], [Mat1] there exists a
closed connected real subgroup ΓR of G (called the real hull of Γ) that contains
Γ and such that XR := ΓR/Γ is compact. The Lie algebra γR of ΓR is the
smallest real subalgebra of g containing the subset log(Γ) ⊂ g. Let γC be the
smallest complex subalgebra of g containing γR. Denote by ΓC the connected
closed complex Lie subgroup of G with Lie algebra γC. The quotient G/ΓC is
biholomorphic to some Cs.
3.1.1. Let ΓC 6= G. If ΓC is non-trivial, then taking I := ΓC , we have the result
of the proposition. If ΓC is trivial, i.e., Γ is trivial, let Z be the center of G.
Since G is nilpotent, Z is a positive-dimensional closed connected subgroup of
G (the center of any solvable exponential Lie group is connected [Wu¨]). If G
is not Abelian, then Z 6= G, and G/Z is biholomorphic to some Cτ , τ ≥ 1.
Then, taking I := Z, we have the result of the proposition. If G is Abelian, it is
isomorphic to Cs with s ≥ 2. In this case we take I := C and obtain the result
of the proposition.
3.1.2. Let ΓC = G. We consider two situations.
3.1.2.a. Assume that G is not Abelian. As before, let Z be the center of G. The
subgroup ZΓ is closed in G (see [GH]), and we consider the fibration G/Γ →
G/ZΓ. We represent G/ZΓ as G1/Γ1, where G1 := G/Z, Γ1 := Γ/Γ ∩ Z.
Here G1 is a simply-connected complex nilpotent subgroup and Γ1 is a dis-
crete subgroup such that Γ1
C
= G1. Applying the same procedure to G1, Γ1
and the center Z1 of G1, we obtain the fibration G1/Γ1 → G1/Z1Γ1 = G2/Γ2.
Repeating this process finitely many times, we obtain for some N ≥ 1 a simply-
connected complex nilpotent group GN and a discrete subgroup ΓN with
positive-dimensional quotient GN/ΓN , such that GN/ZNΓN is trivial, where
ZN is the center of GN. Hence GN is Abelian, and therefore (GN−1)′ ⊂ ZN−1
(we set G0 := G, Z0 := Z, Γ0 := Γ). Taking the inverse image of ZN−1 under
the chain of factorization maps G → G/Z = G1 → G1/Z1 = G2 → . . . →
GN−2/ZN−2 = GN−1, we obtain a subgroup V ⊂ G containing G′. Clearly,
VΓ is the inverse image of ZN−1ΓN−1 and hence is closed in G. Furthermore,
G/VΓ = GN−1/ZN−1ΓN−1 = GN/ΓN .
We note that dimVΓ > 0 since otherwise V◦ is trivial, and therefore the con-
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nected normal subgroup G′ is trivial as well, which contradicts our assump-
tion.
Lemma 4.2. The manifold GN/ΓN is Stein.
Proof. Arguing as in the proof of Theorem 7 of [GH], using the holomorphic
separability of X, we see that XR is totally real in X and dimXR = dimCX.
This implies that X1
R
:= Γ1
R
/Γ1 is totally real in X1 := G1/Γ1, where Γ1
R
is the
real hull of Γ1, and dimX1
R
= dimCX
1.
Descending along the chain of fibrations constructed above, we obtain that
XN
R
:= ΓN
R
/ΓN is totally real in XN := GN/ΓN , where ΓN
R
is the real hull of
ΓN , and dimXN
R
= dimCX
N . Since XN is complex Abelian group and XN
R
⊂
XN is compact, XN
R
is a (real) Abelian group isomorphic to some torus (S1)ν.
Therefore, XN is isomorphic to (C∗)ν and hence is Stein.
Taking I := VΓ, we obtain the result of the proposition.
3.1.2.b. Assume that G is Abelian. Since XR ⊂ X is compact, XR is a real
Abelian group isomorphic to some torus (S1)κ , hence the complex Abelian
group X is isomorphic to (C∗)κ with κ ≥ 2. Let L ⊂ X be a subgroup iso-
morphic to C∗. Taking I to be the inverse image of L under the factorization
map G → G/Γ = X, we have the result of the proposition.
3.2. Suppose that G is not nilpotent.
3.2.1. Let Γ be trivial. Note that G′ 6= G (otherwise G is not solvable) and that
G′ is positive-dimensional (otherwise G is Abelian and hence nilpotent). Since
G′ is connected, G/G′ is isomorphic to some Cα. Taking I := G′, we obtain the
result of the proposition.
3.2.2. Let Γ be non-trivial. By [HO2] there is a nilpotent subgroup Γ1 ⊂ Γ of
finite index. Let Gˆ be the algebraic hull of G as constructed in [HM]. Namely, Gˆ
is a solvable complex algebraic group isomorphic as a Lie group to (C∗)β ⋉ G
for some β. It contains G as a closed subgroup in the real topology and as a
dense subgroup in the Zariski topology. Let Γˆ1 be the Zariski closure of Γ1 in
Gˆ. Clearly, Γˆ1 is a nilpotent algebraic subgroup of Gˆ. Since Γ1 is of finite index
in Γ, it follows that ΓΓˆ1 is Zariski closed in Gˆ. Hence the Zariski closure Γˆ of Γ
in Gˆ coincides with ΓΓˆ1 (it follows that ΓΓˆ1 is a subgroup of Gˆ). Since Γˆ1 is of
finite index in Γˆ, we have (Γˆ)◦ = (Γˆ1)
◦. In particular, Γˆ◦ is nilpotent.
Since Gˆ is an (affine) algebraic group, it is isomorphic to a linear algebraic
group. In this representation the subgroup G′ = (Gˆ)′ consists of unipotent
matrices, and hence is simply-connected and nilpotent. Moreover, by [C] it is
an algebraic subgroup in Gˆ. In particular, the G′-orbit of the neutral element Γˆ
in the algebraic variety Gˆ/Γˆ is closed and, it follows that G′Γˆ is a closed sub-
group of Gˆ. Hence G ∩ G′Γˆ is a closed subgroup of G.
3.2.2.a. Assume that G 6⊂ G′Γˆ, i.e., G/(G ∩ G′Γˆ) is positive-dimensional. Ob-
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serve that G ∩ G′Γˆ is positive-dimensional as well (otherwise G′ would be
trivial hence G would be nilpotent). To see that the complex Abelian group
G/(G ∩ G′Γˆ) is Stein, we realize it in the Stein complex Abelian group Gˆ/G′Γˆ
as the G-orbit of the neutral element G′Γˆ. Thus G/(G ∩ G′Γˆ) is holomorphi-
cally separable, hence it is Stein (see [M]). Therefore, taking I := G ∩ G′Γˆ, we
obtain the result of the proposition.
3.2.2.b. Assume that G ⊂ G′Γˆ. In this case we consider the quotient G/(G∩ Γˆ).
The subgroup G′ acts transitively on this quotient. If G ⊂ Γˆ, then G ⊂ (Γˆ)◦,
which is impossible since G is not nilpotent. Therefore G/(G ∩ Γˆ) is positive-
dimensional. Observe that G/(G∩ Γˆ) = G′/(G′ ∩ Γˆ) can be realized in Gˆ/Γˆ as
the G′-orbit of the neutral element Γˆ. The action of G′ on Gˆ/Γˆ is algebraic, and
therefore the subgroup G′ ∩ Γˆ, being the isotropy subgroup of the neutral ele-
ment Γˆ, has finitely many connected components. Since G′ is simply-connected
and nilpotent, it follows that G′ ∩ Γˆ is in fact connected. Therefore, G/(G ∩ Γˆ)
is biholomorphic to some Cγ. If G ∩ Γˆ is zero-dimensional, then Γ is trivial
(note that G/(G ∩ Γˆ) is simply-connected), which contradicts our assumption.
Thus, taking I := G ∩ Γˆ, we obtain the result of the proposition.
The proof of Proposition 4.1 is complete.
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